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Nonlinear topological edge states: From dynamic delocalization to thermalization
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We consider a mechanical lattice inspired by the Su-Schrieffer-Heeger model along with cubic Klein-Gordon–
type nonlinearity. We investigate the long-time dynamics of the nonlinear edge states, which are obtained by
nonlinear continuation of topological edge states of the linearized model. Linearly unstable edge states delocalize
and lead to chaos and thermalization of the lattice. Linearly stable edge states also reach the same fate, but after a
critical strength of perturbation is added to the initial edge state. We show that the thermalized lattice in all these
cases shows an effective renormalization of the dispersion relation. Intriguingly, this renormalized dispersion
relation displays a unique symmetry, i.e., its square is symmetric about a finite squared frequency, akin to the
chiral symmetry of the linearized model.
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I. INTRODUCTION

The problem of energy transport and ensuing thermaliza-
tion in nonlinear discrete lattices has attracted a lot of attention
over the past decades, starting with the acclaimed numeri-
cal experiment of Fermi, Pasta, Ulam, and Tsingou [1–4] to
its far-reaching implications in understanding integrable and
nonintegrable dynamical systems with applications to statisti-
cal mechanics, ergodicity, and chaos (see, e.g., [5–10]). One
central and longstanding question is whether and how the in-
trinsic dynamics of a discrete nonlinear lattice leads to chaos,
thermalization, and energy equipartition across all the normal
modes (NMs). Several works have addressed this question for
many different one-dimensional (1D) lattice models. In [11],
dynamical regimes in the parameter space of the discrete non-
linear Schrödinger (DNLS) system leading to thermalization
or to the appearance of localized motions were identified,
while energy thresholds allowing the emergence of such local-
ized structures were obtained in [12]. Furthermore, the chaotic
dynamics of the model was investigated in more detail in [13]
by means of the Lyapunov exponents spectrum. Studies of
the disordered version of the DNLS system, where all linear
modes are exponentially localized, showed that the nonlinear
dynamics leads to energy delocalization [14], chaos [15], and
thermalization [16]. The onset of thermalization and equipar-
tition due to the nonlinear interactions between normal modes
for the discrete nonlinear Klein-Gordon (KG) lattice was stud-
ied in [17], while the chaotic spreading of initially localized
excitations in the disordered KG system was investigated
in [15,18].

In recent years, topological discrete lattices have attracted a
sheer amount of attention in theory and experiments [19–21].
The core concept involves designing systems with nontrivial
band topology that result in boundary states robust to lat-
tice’s imperfection and/or smooth deformation. While these

so-called topological states are well defined in the linear limit,
there has been an intense and increasing interest, mostly in
the fields of photonics, electronics (see, for example, the
review [22] and references within), and mechanics [23–30],
to what happens when nonlinear effects enter into play.
Depending on the functional form of the nonlinearity, the
latter can modify the shape, the frequency, and more impor-
tantly the stability of the topological edge modes [31–34].
The presence of nonlinearity can also lead to the forma-
tion of topologically robust edge solitons [35], unique gap
solitons [36], or “self-induced” edge solitons and domain
walls [25,37,38]. Finally, nonlinear, periodically driven topo-
logical lattices have been also investigated both theoretically
and experimentally [35,39–43].

All these works contribute to our understanding of how
topological states behave or emerge in the presence of in-
terparticle interactions and nonlinearity. However, very little
is known about the long-time behavior of these nonlinear
topological states [44]. Even when a linear stability analy-
sis is performed [32,34], this is able only to describe the
short-time dynamics. Since the nonlinearity in general breaks
the integrability of the underlined discrete lattice dynamical
system, equipartition or energy localization are the only two
possibilities for long times.

Topological lattices possess robust edge states within a
topologically protected band gap. Since this scenario is absent
in generic nonlinear lattice models (see, e.g., [1–3]) a series of
questions with a fundamental theoretical interest arise. Can
nonlinear topological edge states used as initial conditions
on a topological lattice remain localized under the presence
of perturbations, for example, in experimental conditions, or
a dynamical delocalization is expected? Is this delocaliza-
tion followed by thermalization of the lattice? Is the route
to thermalization any different in such lattices? If the lattice
reaches thermalization, can one, along the lines of [45,46],
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describe the system by an effective dispersion relation with
some unique symmetry properties inherited from the disper-
sion relation of the linearized topological lattice?

Trying to answer these questions, and motivated by some
recent experimental works on simple, 1D, nonlinear topolog-
ical lattices in mechanics [30] and in optics [47], we perform
here a followup systematic analysis of the long-time dynamics
of nonlinear edge states, that were analyzed in a mechanical
lattice with KG-type nonlinearity [32]. In the linearized limit,
this model is inspired from the well-celebrated Su-Schrieffer-
Heeger (SSH) lattice [48], in which topological protection of
the edge states stems from chiral symmetry of the Hamil-
tonian [49]. However, their difference lies in the fact that
the band gap falls in finite (nonzero) frequency range in the
former [32] and, hence, the edge states have vibratory nature.
It was shown in [32] that nonlinear continuations of topolog-
ical edges states could pass through regions of linear stability
and instability depending on the sign and the strength of the
nonlinearity.

Here, we investigate the long-time chaotic dynamics of
unstable states to be able to answer the question if the sys-
tem achieves equipartition in a long time. Moreover, we
investigate if the linearly stable edge states can also be de-
localized due to strong perturbations and, eventually, lead to
equipartition.

We demonstrate that despite the presence of the band gap
into the frequency spectrum, which may prevent part of the
energy of the edge state to propagate away from the edges,
linearly unstable, topological nonlinear edge states seen in
Ref. [32], lead to thermalization of the lattice well described
by a Gibbs distribution. Then, focusing on the linearly stable
topological nonlinear edge states seen in Ref. [32], we dis-
cuss the condition under which these lose their stability and
lead to thermalization too. In both cases, by calculating the
renormalized dispersion relation for the thermalized state, we
find, remarkably, that this possesses a unique symmetry akin
to chiral symmetry seen in the dispersion of the linearized
lattice.

The paper is organized as follows. In Sec. II, we introduce
the Hamiltonian formalism of the model in our study. In
Sec. III, we present the method for obtaining linear edge states
and their nonlinear continuations, discussing their spatial and
spectral properties. In Sec. IV, we present the computational
foundations of our numerical investigation. Section V con-
tains our numerical results, which are mainly focused on
the energy spreading of unstable topological nonlinear edge
states, renormalized dispersion of the thermalized state, as
well as the robustness of stable edge states to increasing
perturbations. Finally, in Sec. VI we conclude our work and
present some open avenues for future research.

II. MODEL DESCRIPTION

Our system is a lattice of n-coupled identical particles (see
Fig. 1). These particles are interconnected with alternating
binary springs of strengths 1 − γ and 1 + γ , and are subject
to onsite nonlinear potentials whose elastic and nonlinear
coefficient values are given by γ0 and �, respectively [32]. In
the limit γ → 0 we recover the monomer KG chain [17,50].
As an additional remark, we note that when � < 0 the system

FIG. 1. A semi-infinite chain consisting of equal masses (gray
spheres) interconnected with two types of linear springs with elastic
constants 1 + γ and 1 − γ , denoted by the green and blue spiral
coils, respectively. Each mass is grounded with a nonlinear spring
(gray spiral coil) whose elastic and nonlinear constants are γ0 and �.
The dx denotes the spring deformation and F the resulting external
force applying to a single mass.

possesses escape energy thresholds. The total energy of the
lattice is given by the Hamiltonian function

H = H2 + H4, H4 = �

4

n∑
j=1

x4
j ,

H2 = 1

2

n∑
j=1

[
p2

j + γ0x2
j

]

+ 1

4

n∑
j=1

j=odd

[(1 + γ )(x j − x j−1)2 + (1 − γ )(x j+1 − x j )
2]

+ 1

4

n∑
j=0

j=even

[(1− γ )(x j − x j−1)2+ (1 + γ )(x j+1 − x j )
2],

(1)

where x j and p j are the displacements from the equilibrium
points, and the associated momentum of the jth particle. It
should be emphasized that the quartic term H4 is of KG-type
nonlinearity. Further, as we are going to see in Sec. III, under
proper boundary conditions, the Hamiltonian model [Eq. (1)]
allows for (non)linear topological edge states.

The lattice’s equations of motion are derived from the
Hamiltonian function H [Eq. (1)] taking into account that the
pair x j, p j are canonical conjugate variables

ẋ j = p j,

ṗ j = −(1 + γ )(x j − x j−1) + (1 − γ )(x j+1 − x j )

− γ0x j − �x3
j if j odd,

ṗ j = −(1 − γ )(x j − x j−1) + (1 + γ )(x j+1 − x j )

− γ0x j − �x3
j if j even, (2)

with (̇ ) denoting the time derivative. The full set of equa-
tions [Eq. (2)] conserves the value of the Hamiltonian function
[Eq. (1)] which could therefore be used as our control param-
eter of the nonlinearity strength when γ0, γ , and � remain
fixed.
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A common way to investigate the system’s thermalization
is through the dynamics of its NMs [16,50–52]. The NM
coordinate is defined by [45,46,53]

ak = 1√
2ωk (γ )

[Pk + iωk (γ )Qk], (3)

where Qk and Pk are the discrete Fourier transform of the
canonical coordinates x j and momenta p j , and ωk (γ ) is the
frequency of mode k. For the case of periodic boundary con-
ditions, the two bands of the dispersion relation are given by

ωk = (2 + γ0 ±
√

2(1 + γ 2) + 2(1 − γ 2) cos (2kπ/n))1/2.

(4)
Thus, γ adjusts the size of the band gap in the dispersion
relation (see Sec. III). In the normal variables, the Hamiltonian
function H [Eq. (1)] is written as

H = Ĥ2 + Ĥ4, Ĥ2 =
n∑

k=0

ωk (γ )|ak|2,
(5)

Ĥ4 = �V (a1, a2, . . . , an),

where V (a1, a2, . . . , an) is a linear combination of quartic
products of ak and a�

k [17,52]. Consequently, the equations of
motion become iȧk = ∂H/∂a�

k . Here the star (�) denotes the
complex conjugate.

III. TOPOLOGICAL (NON)LINEAR EDGE STATES

Since our system is the one studied in Ref. [32], in this
section we provide a very brief review of essential details
on the characteristics of topological states to be useful in
this study. We can get the first insight on the nature of our
system by evaluating its dispersion properties in the linear
limit (� = 0) through the solution of an eigenvalue problem
of a dynamical matrix. This matrix is akin to the Hamiltonian
of the SSH model [48] apart from the fact that its diagonal
elements are nonzero. Consequently, the eigenvalues (ω2) are
symmetric about the mid-gap frequency ω2 = 2 + γ0 due to
chiral symmetry of the dynamical matrix [49]. The symmetry
makes it possible to characterize the dynamical matrix with a
topological invariant, e.g., winding number. The system can
be shown to make a topological transition when the parameter
γ varies from negative to positive values or, in other words,
band gap closes and opens again [49].

According to the bulk-boundary correspondence, the topo-
logical transition of the infinite lattice as discussed above
reflects as the emergence of edge states in the finite chain [19].
For all the cases in this work, we take a long chain of n = 100
particles to avoid strong finite-size effects. We also consider
fixed (free) boundary condition for the left (right) end of the
chain. This choice ensures the existence of only one edge
state localized around the fixed boundary. We note that in
the case of even number of particles and with fixed bound-
ary conditions in both ends, two hybridized edge states are
expected (see, for example, [54]). In Fig. 2(a), we show the
spectrum of this finite chain when γ0 = 1. Due to the topolog-
ical transition at γ = 0, we observe the emergence of a state
pinned at ω2 = 2 + γ0 inside the band gap for γ > 0. This
state is exponentially localized on the left edge, as shown in

0.5 0.0 0.5

5 10 15 20

0

5 10 15 20

0

5 10 15 20

0

(a)

(b)

(c)

Space

5 10 15 20

0

odd
even

(d)

(e)

Space

FIG. 2. Nonlinearity-modified topological edge states. (a) Emer-
gence of topological edge state inside the band gap. (b) Spatial profile
x j of the edge state with γ0 = 1 and γ = 0.4 whose frequency is
indicated by the red dot in (a). (c)–(e) Nonlinear continuations of the
topological edge state for (H = 3.779, � = 0.8), (H = 1.608, � =
−0.8), and (H = 4.214, � = −0.8), respectively. In all the cases,
the chosen phase of the mode is such that the corresponding momen-
tum profile is zero, pj = 0.

Fig. 2(b) for γ = 0.4. Moreover, the state has zero amplitude
at even sites as a result of chiral symmetry. Such a state is of
topological origin and protected by chiral symmetry.

Once nonlinearity is turned on, i.e., � �= 0 in H [Eq. (1)],
we calculate the time-periodic solutions using Newton’s
method in the system’s phase space (see, e.g., [55]) with the
aforementioned edge state as the initial condition. Moreover,
we determine the linear stability of such nonlinear states
using Floquet theory [56]. In Ref. [32] it was shown that
the topological edge state changes its frequency, shape, and
stability depending on the sign of nonlinearity and increasing
its energy, thus the strength of nonlinearity. We show a few
representative cases in Figs. 2(c)–2(e). These are not only dis-
tinct from the linear edge state shown in Fig. 2(b) in that they
no longer retain the chiral profile with vanishing amplitudes
at even sites, but also they have different instabilities. For
example, the stiffening (� > 0) case shown in Fig. 2(c) with
(H = 3.779, � = 0.8) is a linearly stable solution. Whereas
the softening (� < 0) cases shown in Figs. 2(d) and 2(e)
with (H = 1.608, � = −0.8) and (H = 4.214, � = −0.8),
respectively, are unstable solutions.

IV. COMPUTATIONAL FRAMEWORK

A. Equipartition

In order to clarify the thermal properties of our topological
lattice, we follow the observables of the system in the NM and
real-phase spaces. In the Fourier (NM) space, we follow the
time evolution of the normalized modal energy [51]

νk (t ) = Ek (t )

Ĥ2(t )
, Ek (t ) = ωk (γ )|ak (t )|2, (6)
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where Ĥ2(t ) = ∑
k Ek (t ) is the total quadratic energy of the

modes of Eq. (5) and Ek the energy of the kth mode. We
characterize the degree of spreading of νk in Eq. (6) using the
spectral entropy [57–60]

S(t ) = −
∑

k

νk (t ) ln[νk (t )], 0 � S(t ) � ln n. (7)

If the total energy Ĥ2 [Eq. (5)] is localized on a single mode,
S = 0. On the other hand, if the energy Ĥ2 is uniformly
distributed across all modes, S = ln n. In order to mitigate
the dependence on the lattice size n of S [Eq. (7)], it is more
convenient to use the rescaled spectral entropy [57–60]

η(t ) = S(t ) − Smax

S(0) − Smax
, 0 � η(t ) � 1 (8)

with Smax = ln n. In this way, when the whole energy is con-
centrated at one mode η = 1, while η = 0 corresponds to a
uniform distribution of the energy throughout all the modes.
If we consider that the modal energies at thermal equilibrium
are characterized by a Gibbs distribution

ρG,k = 1

Z e−βEk , Z =
∑

k

e−βEk , (9)

where ρG,k corresponds to the probability to find a mode k
with energy Ek , Z equals the partition function, and β is the
inverse temperature, we find that the value of η(t ) [Eq. (8)] at
thermal equilibrium fluctuates about the average [60]

〈η〉G = 1 − C

Smax − S(0)
, (10)

where C ≈ 0.5772 is the Euler constant.
To account for the phase-space dynamics, we compute the

normalized energy per site

ξ j (t ) = h j (t )

H , H =
∑

j

h j (t ), (11)

where the energy at the jth site in the bulk is given by

h j = p2
j/2 + γ0x2

j /2 + �x4
j /4 + (1 + γ )(x j − x j−1)2/4

+ (1 − γ )(x j+1 − x j )
2/4 if j odd,

h j = p2
j/2 + γ0x2

j /2 + �x4
j /4 + (1 − γ )(x j − x j−1)2/4

+ (1 + γ )(x j+1 − x j )
2/4 if j even. (12)

For the edge sites, respectively, with indices j = 1 and j = n,
we have

h1 = p2
1/2 + γ0x2

1/2 + �x4
1/4 + (1 + γ )x2

1/4

+ (1 − γ )(x2 − x1)2/4 and

hn = p2
n/2 + γ0x2

n/2 + �x4
n/4 + (1 + γ )(xn − xn−1)2/4,

(13)

considering fixed boundary condition for the left (x0 = 0) and
free boundary condition for the right (xn+1 = xn) end of the
chain. Then, the degree of inhomogeneity of the spatial distri-
bution of the energy is well characterized by the participation
number

P−1(t ) =
∑

j

ξ 2
j (t ), 1 � P(t ) � n. (14)

When the total energy H is concentrated only on one excited
site, P = 1 while in case of equipartition of the energy among
all sites, P = n.

B. Chaotization

As an additional characterization of the lattice’s equipar-
tition state, we compute the finite-time maximum Lyapunov
exponent (ftMLE) [61–64]

λ(t ) = 1

t
ln

( ‖W (t )‖
‖W (0)‖

)
, (15)

which quantifies the exponential growth rate at time t
of the separation W (t ) in the phase space between two
initially nearby orbits, so that ‖W (0)‖ → 0, with ‖ · ‖ being
the usual Euclidean norm. More specifically, the W (0) =
δX (0) = (δx1(0), δx2(0), . . . , δxn(0), δp1(0), . . . , δpn(0))
can be viewed as a small perturbation to the system’s initial
position X (0) = (x1(0), x2(0), . . . , xn(0), p1(0), . . . , pn(0))
in the phase space, whose time evolution is governed by
equations (referred to as variational equations) derived from
the linearization of the system’s Hamilton equations of
motion [65]. Consequently, the maximal Lyapunov exponent
(MLE) [62–64]

� = lim
t→∞ lim

‖W (0)‖→0
λ(t ) (16)

measures the strength of chaos in the system.
In thermal equilibrium, all the modes are heated and ran-

domly interact in order to spatially homogenize chaos inside
the lattice [15,18,66,67]. Therefore, equipartition is associated
to a constant positive ftMLE [2,59,61,66,68].

V. NUMERICAL SIMULATIONS

In this section we present the numerical results obtained
by evolving several perturbations of nonlinear topological
localized states when both the energy and the sign of the
onsite nonlinear strength are varied. The numerical integration
of the equations of motion and the variational equations of
the model [Eq. (1)] are done by the implementation of the
ABA864 symplectic scheme of order 4 (see Appendix A for
details). The final integration time is T ≈ 106–109, and we
set the integration time step to τ = 0.2 so that the relative
energy error Er (t ) = |[H(t ) − H(0)]/H(0)|, remains below
Er = 10−5 for the duration of all our simulations.

For all the cases presented in this work, the lattice size is
fixed at n = 100 particles, and the elastic parameters kept to
γ0 = 1 and γ = 0.4. The choice of these elastic parameters
leads to a relatively large band gap [Fig. 2(a)]. Investigating
the cases of different values of γ , which controls the width of
the frequency gap, is an interesting problem which, however,
is out of the scope of this work. As we noted above, fixed and
free boundary conditions are used for the left and right ends
of the chain, a choice which ensures the existence of only one
edge state located around the left end of the chain.

Let us discuss now in some detail the initial conditions we
use in our simulations. In the Fourier space representation, the
topological edge state X b = (xb

1, xb
2, . . . , xb

n, pb
1, pb

2, . . . , pb
n)

has coordinates (Qb
1, Qb

2, . . . , Qb
n, Pb

1 , Pb
2 , . . . , Pb

n ) such that
in NM variables, X b = (ab

1, ab
2, . . . , ab

n) with ab
k = (Pb

k +
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FIG. 3. The normalized modal energy νk (t ) [Eq. (6)] evolution profiles for representative realizations of setup [Eq. (17)] of three different
nonlinear topological edge states at (H, �) values with (H = 0.307, � = −0.8), (H = 1.608, � = −0.8), and (H = 4.214, � = −0.8) in (a),
(b), and (c), respectively. The white vertical line in (a) shows the position of the cross section of νk (t ) at t ≈ 6.3 × 104 depicted in Fig. 11 of
Appendix B. The edge states associated with (b) and (c) are, respectively, shown in Figs. 2(d) and 2(e). Each point is colored according to the
color scale at the right end of the figure.

iωk (γ )Qb
k )/

√
2ωk (γ ) [Eq. (3)]. ωk (γ ) corresponds to the

eigenfrequencies of the finite chain with the above-mentioned
boundary conditions and elastic parameters. We calculate
these numerically by diagonalizing the system’s dynamical
matrix. We initially start with the topological localized state
on which a real random phase εk is added in its Fourier
representation

ak (t = 0) = ab
keiεk , if 1 � k � n (17)

such that all the derived initial conditions possess the same
linear energy as the edge state X b. Unless otherwise stated, we
use a uniform probability distribution to set the perturbation
parameters εk with values on the interval [−10−2, 10−2].

In order to compute the ftMLE we choose the coordinates
of the initial deviation vector W (t = 0) as randomly selected
numbers drawn from a uniform distribution in the interval
[−1, 1]. The nonzero coordinates of W (0) are located only
inside the localization volume [69] of the linear topological
edge state [32] (see also Sec. III). It is worth mentioning
that the final value of the long-time evolution of the ftMLE
[Eq. (15)] used to estimate the MLE [Eq. (16)] does not practi-
cally depend on the choice of the initial deviation vector [64].

A. Characteristics of unstable topological edge-state
delocalization

To provide a feeling of the thermalization of the
lattice [Eq. (1)] starting from unstable nonlinear topo-
logical edge states, we consider the sets of parame-
ters (H = 0.307, � = −0.8), (H = 1.608, � = −0.8), and
(H = 4.214, � = −0.8) of the setup [Eq. (17)]. The two lat-
ter correspond to the edge states shown in Figs. 2(d) and 2(e).
We set the perturbation parameters εk = ±10−2. The ampli-
tude profiles of the distribution of the normalized energy per
mode νk (t ) [Eq. (6)] is shown for representative realizations
in Fig. 3. For all values of H [Eq. (1)], the delocalization of
unstable nonlinear topological edge states leads to the ther-
malization of the lattice at finite timescales.

For example, in Fig. 3(a), the normalized energy profile
of the case (H = 0.307, � = −0.8) is shown. This initial
condition corresponds to a weakly unstable nonlinear edge
state with “bulk-bulk” instability, which is caused by the
collision of two bulk modes (both spatially extended) [32].

It is known [70] that these instabilities are caused by finite-
size effects and that they are vanishing in the thermodynamic
limit. After a transient period of the order of ≈104 time
units, only 4 modes in the acoustic (2 modes) and optical
(2 modes) bands initially resonate. We have checked that
these initially excited modes of Fig. 3(a) correspond to the
frequencies of the most unstable eigenvectors of the Floquet
analysis [32] (see Appendix B). Afterward, a cascading effect
of resonances between NMs is taking place up to complete
thermalization of the lattice at about 107 time units. We have
also checked that by increasing the size of the lattice to
1000 particles, the instability and the resulting thermalization
appear later, confirming the finite-size origin of this weak
instability.

On the other hand, in Figs. 3(b) and 3(c), the normal-
ized energy profile of the cases (H = 1.608, � = −0.8) and
(H = 4.214, � = −0.8) are shown. These initial conditions
correspond to strongly unstable nonlinear edge states with
“edge-bulk” instability, which is caused by the collision of
one bulk mode (spatially extended) with an edge mode (lo-
calized) [32]. This kind of instability is present even in the
thermodynamic limit. In contrast with the previous case of
Fig. 3(a), one observes the excitation of almost continuous
bands (in the optical and acoustic frequencies) of modes.
The size of these excited bands grows, increasing the value
of the energy [see Figs. 3(b) and 3(c)]. This efficient and
broadband excitation may be related to the onset of the
Chirikov criterion [71], which predicts an energy threshold
above which effective (fast) energy transfer between NMs
takes place [3,46]. Since these energy transfers homogenize
chaos within the lattice interior, we also expect the chaotic dy-
namics to be stronger [3,66,72], and the system to thermalize
faster, as indeed it is observed in Figs. 3(b) and 3(c).

The thermalization and chaotization of system [Eq. (1)]
are further confirmed from the computation of the rescaled
entropy η(t ) [Eq. (8)], of the normalized energy per mode, and
the ftMLE, λ(t ) [Eq. (15)] (Fig. 4). In Fig. 4(a), the rescaled
spectral entropy η [Eq. (8)] is plotted as a function of time
t , for the three sets of parameters used in Fig. 3. All curves
start at η = 1, at time t = 0, and then decline to settle toward
values well approximated by the (Gibbs) ensemble average
〈η〉G [Eq. (10)] with values ≈0.092, 0.096, and 0.125 [black
dashed line in Fig. 4(a)] for the cases with H = 0.307, 1.608,
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FIG. 4. Temporal evolution of the (a) rescaled spectral entropy
η(t ) [Eq. (8)] and (b) the ftMLE λ(t ) [Eq. (15)] of the model [Eq. (1)]
for representative realizations of the initial nonlinear topological
edge states with (H = 0.307, � = −0.8) (blue), (H = 1.608, � =
−0.8) (green), and (H = 4.214, � = −0.8) (red) of Fig. 3. The
black dashed horizontal line in (a) measures 〈η〉G ≈ 0.125, the Gibbs
average for the case (H = 4.214, � = −0.8) [red curves in (a) and
(b)]. The shaded curves around the dark-colored curves’ course rep-
resent the evolution of 30 other realizations of perturbation of the
same topological edge states. The black solid line in (b) shows the
relation λ(t ) ∝ ln(t )/t observed in the case of regular motion.

and 4.214 (blue, green, and red curves in Fig. 4), respec-
tively. Since these relaxation processes are related to energy
exchange between NMs, we expect to see a quantitative differ-
ence on how the transitions η(t = 0) = 1 → 〈η〉G are carried.

For the case with (H = 0.307, � = −0.8) [blue curves in
Fig. 4(a)], the relaxation of η(t ) takes longer, with a timid
decrease observed after the curve leaves the unity in the time
interval from ≈105 up to around a few 107 units, which
roughly corresponds to the interval on which we noticed the
resonance of a small number of NMs responsible of the sys-
tem’s thermalization in Fig. 3(a). It is also interesting to relate
this observation with the temporal behavior of the system’s
ftMLE λ [Eq. (15)]. Indeed, in the time period mentioned
above, we see that the computed λ(t ) of the system [blue curve
in Fig. 4(b)] slightly diverges from the one of regular motion
λ(t ) ∝ ln t/t [black solid line in Fig. 4(b)], confirming the
presence of a weakly chaotic dynamics within the system. As
time evolves further away from t ≈ 107, a saturation of η(t )
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FIG. 5. (a) Spatiotemporal profile of the normalized energy dis-
tribution ξ j (t ) [Eq. (11)] for the case (H = 4.214, � = −0.8) of
Figs. 3(c) and 4 (red curves in that figure). Each lattice site is colored
according to the magnitude of its ξ j value [see color scale at the
right of (a)]. (b) Evolution of the associated participation number
P(t ) [Eq. (14)]. We see that the saturation of the entropy η(t ) [red
curve in Fig. 4(a)] practically coincides with the one displayed by
P(t ) in (b).

to values of the order of the Gibbs average 〈η〉G [Eq. (10)]
becomes evident. This saturation of the η(t ) is also consistent
with the level off of the λ(t ), which further deviates from the
behavior observed for regular motion [λ(t ) ∝ ln t/t], indicat-
ing the lattice’s full chaotization and equipartition.

On the other hand, for the cases with (H = 1.608, � =
−0.8) (green curves in Fig. 4) and (H = 4.214, � = −0.8)
(red curves in Fig. 4), the evolution of η falls down quicker
and the λ(t ) saturates faster toward larger numerical values
than the (H = 0.307, � = −0.8) case due to the faster energy
spreading and stronger chaotic behavior. It is worth mention-
ing that in the case (H = 4.214, � = −0.8), we observe the
presence of an intermediate plateau in the evolution of η(t ) in
Fig. 4(a), at t ≈ 103, which is associated to the presence in
the system of metastable states [51] visible in Fig. 5(a). These
transient states are unstable discrete breathers (DBs) originat-
ing from the degradation of the initial topological nonlinear
edge state, chaotically scattering within the lattice and shed-
ding their energy toward the bulk [Fig. 5(a)]. In Fig. 5(b), we
compute the associated evolution of the participation number
P(t ) [Eq. (14)] and confirm that the disappearance of DBs
coincides with the final saturation of the participation number
for t ≈ 104 time units.

The numerical simulations depicted in this section clearly
show the presence of two different routes to thermalization
of our topological system, namely, in the weak and strong
nonlinear (chaos) regimes. In the weak nonlinear limit, the
thermalization of the lattice is due to the activation of a
few modes. This reminds what is expected from near-exact
resonance of NMs well described in the framework of wave
turbulence theory (see, e.g., [45,46,52]). On the other hand,
in the strong nonlinear regime, a large number of modes are
initially resonating, leading to stronger chaotic dynamics and
faster thermalization. How this behavior is connected with
the strong instability predicted by the linear Floquet stability
analysis, and a potential Chirikov resonance-overlap condi-
tions [71,73], is a subject under current investigation.
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FIG. 6. � − k dependence of the frequency shift distribution 〈|ak (�)|2〉 for (a) (H = 2.417, � = −0.8), (b) (H = 4.409, � = −0.8),
and (c) (H = 7.019, � = −0.8). The red dots indicate the dispersion relation for the linearized system, whereas the black dots indicate the
renormalized dispersion relation for the nonlinear system (see text for details).

B. Renormalized frequency and resonance broadening

In the following numerical calculations, we perform en-
semble average (denoted by 〈·〉) over 200 to 600 realizations,
where different random phases εk = ±10−2 are implemented
[Eq. (17)]. For these sets of initial conditions, we have
checked that the computed average rescaled entropy 〈η(t )〉
matches with a good accuracy the one of thermalized modes
in the Gibbs description 〈η〉G [Eq. (10)] and that our average
ftMLE 〈λ(t )〉 has saturated to a constant positive value. We
then follow the same procedure as in Ref. [46] in order to
extract the spectral characteristics of our multidimensional
nonlinear system [Eq. (1)]. That is to say, after reaching the
Gibbs statistical equilibrium of the modal energies, we record
the ak (t ) [Eq. (3)] for a time window of about 500T1 time
units, where T1 is the period of the mode with the smallest
ωk (γ ). Then, for each mode k, the standard discrete Fourier
transform [74] is implemented, switching our independent
variable t → �. We generate the ensemble average power
spectrum 〈|ak (�)|2〉, which has duly been rescaled by its max-
imum for each mode k. Consequently, we derive the model’s
dispersion relation from our numerical data

ω̃k = {
�/〈|ak (�)|2〉 = max

�′
〈|ak (�′)|2〉}. (18)

Note that if the system [Eq. (1)] is linear, i.e., H = H2, we
have 〈|ak (�)|2〉 = δ�,ωk , and we get ω̃k = ωk from [Eq. (18)].
The � − k dependence of 〈|ak (�)|2〉 is plotted for (H =
2.417, � = −0.8) in Fig. 6(a), for (H = 4.409, � = −0.8)
in Fig. 6(b), and for (H = 7.019, � = −0.8) in Fig. 6(c).
We observe that the calculated dispersion relation (black dots
in Fig. 6) shifts away from the dispersion relation of the
linearized system (red dots in Fig. 6) toward smaller values
of the frequency, while at the same time a broadening of the
distribution of frequency shift appears for each wave number.
This renormalization of the frequencies, i.e., ωk → ω̃k , as well
as the broadening of their distributions becomes stronger, thus
more evident for increasing values of H [Eq. (1)].

In Appendix C, we present additional results on the depen-
dence of the renormalized frequency ω̃k [Eq. (18)], the width
of the frequency broadening χk [Eq. (C1)], and the MLE �

[Eq. (16)] on the energy (nonlinearity) of the system.
The above observations are in line with the recent works on

nonlinear lattice thermalization [14,17,45,46,52,53,75,76]. In
those studies, the broadening of the width of the distribution of
frequency shifts is attributed to the presence of the nonlinear-
ity in the system, which introduces a degree of stochasticity

(chaoticity) in the modes’ interactions [71,73]. Besides, the
nonlinear frequency shift was investigated for finite chain
(e.g., n = 16, 32, 64, and 128) of various lattices includ-
ing the monoatomic α- and β-Fermi-Pasta-Ulam-Tsingou
(FPUT) models and the KG systems as well as the diatomic
α-FPUT lattice. In connection to the monoatomic β-FPUT, it
was found that the shift in frequency is due to both trivial [53]
and nontrivial [75] four-wave resonances, while for the α-
FPUT counterpart, only trivial four-wave resonances are the
drivers of this shift [45]. The latter type of mode resonance
is also relevant for the quartic KG system [17,50]. Further-
more, in the case of the diatomic α-FPUT chain, three-wave
resonances are responsible for the renormalization of frequen-
cies [76]. As such, it is pertinent to give a closer look toward
which resonant processes are involved in the present model of
Fig. 1, something we plan to tackle in future endeavors.

C. Symmetry of the renormalized squared dispersion relation

We now look on potential symmetry properties of the nu-
merically computed squared renormalized dispersion relation
ω̃2

k [Eq. (18)]. As we stressed in Sec. III, an important char-
acteristic of the eigenvalues ω2

k is their symmetry about their
mid-gap, a consequence of chiral symmetry of the dynamical
matrix in the linear limit, i.e., � = 0 in H in Eq. (1) (see
also Fig. 2). It is therefore relevant to investigate what is
the effect of nonlinearity on this symmetry by checking the
renormalized dispersion relation. In Fig. 7, we plot the change
in the squared frequency

δω2
k = ω2

k − ω̃2
k = (

1 − η2
k

)
ω2

k , ηk = ω̃k

ωk
, (19)

for each wave number, k using three set of parameters (H =
2.417, � = −0.8) (blue circles), (H = 2.417, � = −0.8)
(green triangles), and (H = 7.019, � = −0.8) (red squares).
In Eq. (19), ηk is the renormalization factor of the frequency of
mode k [75]. Note that ηk = 1 in the linear limit, while being
ηk < 1 for ω̃k < ωk [see, e.g., Figs. 12(a), 12(c), and 12(e)
in Appendix C] in case � < 0 [46]. On the other hand, if
δω2

k remains practically constant for all values of k, we can
conclude that the squared renormalized dispersion relation is
uniformly shifting away from the linear one, keeping thus
its subsequent symmetry around the renormalized, squared
mid-gap frequency ω̃2

k=51. Remarkably, in Fig. 7, we see that
this is the case for all the studied energy values. We note that
increasing the value of H results in higher δω2

k values which
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FIG. 7. Change in the squared frequency δω2
k = ω2

k − ω̃2
k

[Eq. (19)] of the dispersion relation at different energy levels:
H = 2.417 (blue line-connected circles), H = 4.214 (green line-
connected triangles), and H = 7.019 (red line-connected squares).
For all cases, � = −0.8. The horizontal solid lines of the same
colors indicate the average values δω2 of the relevant data points
they fit: δω2 ≈ 0.025 ± 0.004, 0.047 ± 0.004, and 0.074 ± 0.004,
respectively, for the blue, green, and red line-connected points.

are fluctuating around the averages δω2 ≈ 0.025, 0.047, and
0.074, blue, green, and red horizontal lines, for respectively
H = 2.417, 4.214, and 7.019. Hence, we deduce that the
contribution of the nonlinear part of the system renormalizes
the squared dispersion relation ω2

k in a way that it retains the
symmetry inherited from chiral symmetry of the dynamical
matrix of the linearized model.

D. Neighborhood of stable nonlinear topological edge states

Up to now, we have considered the cases of linearly unsta-
ble topological edge states. One of the remarkable results of
Ref. [32] is the existence of linearly stable topological edge
states under strong nonlinearity. Here, we want to understand
how robust the stable nonlinear topological edge states are
under the system’s perturbation. We consider the nonlinear
topological edge state at (H = 3.779, � = 0.8) [shown in
Fig. 2(c)] applying random perturbations of the form εk =
±ε with ε > 0 referred to as perturbation parameter (see
Fig. 8). The amplitude profiles of νk (t ) corresponding to

representative realizations of three different perturbation pa-
rameters [see Eq. (17)] with ε = 0.01 [Fig. 8(a)], ε = 0.25
[Fig. 8(b)], and ε = 1 [ Fig. 8(c)] are plotted. For the smallest
perturbation parameter [Fig. 8(a)], the initially excited modes
ab

k (t = 0) retain their energy Ek = ωk|ak (t = 0)|2 and the lat-
tice remains unthermalized up to the largest simulation time
t = 108. Thus, in this case, the nonlinear topological state
appears to be stable under the added perturbations. As the
magnitude of the perturbation parameter ε → O(1) [Figs. 8(c)
and 8(d)], we see that the obtained initial states eventually lead
to equipartition in the lattice after timescales that vary with ε

[Eq. (17)]. This hints us on the fact that there exists a limiting
value of the perturbation εc above which the coherence of the
stable nonlinear topological edge state is lost.

In general, the stability properties of autonomous Hamil-
tonian system’s are well described in the framework of
phase-space dynamics. Indeed, we expect stable nonlinear
topological edge states to belong to regular “islands” sur-
rounded by chaotic “sea” [72,77]. In the prospective of
Secs. V A and V B, a system’s orbit belonging to a regular
island does not lead to the system’s thermalization in real
(NM) space, while the one within the chaotic sea does. If we
further assume that the stable topological edge state lies at the
center of the island of stability, we define the distance

d = ‖X ε(0) − X b(0)‖, (20)

which tells us how far we are from the topological edge state,
i.e., the radius of the regular island [77]. In Eq. (20), X b is the
topological edge state obtained from the procedure explained
in Sec. III and X ε its perturbed state [which depends on ε of
Eq. (17)], while ‖ · ‖ stands again for the Euclidean norm. In
order to obtain a reliable measurement of the phase-space ob-
servable d [Eq. (20)], the phase-space landscape has to remain
unchanged as we perturb X b. Consequently, after applying
Eq. (17), we particularly take care that the final initial con-
dition X ε(0) possesses the same energy as X b up to the 10th
digit via a Newton-Raphson procedure [74]. The numerically
computed values of d show that it grows exponentially with
increasing ε values (see inset of Fig. 9).

For a specific perturbation strength ε, the choice of differ-
ent sets of phases εk = ±ε gives initial conditions of distance
d from the topological edge state in the phase space. We
categorize each of these initial conditions as leading or not
to thermalization by computing the rescaled spectral entropy
η(t ) [Eq. (7)]. Then, based on observations of our numerical

FIG. 8. Similar to Fig. 3 but for three different perturbation strengths ε [Eq. (17)] of the nonlinear topological edge state at (H = 3.779,
� = 0.8) with (a) ε = 0.01, (b) ε = 0.25, and (c) ε = 1.0 (see text for details). Each mode’s number is colored according to the intensity of its
energy.
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FIG. 9. Fraction of thermalized fth [Eq. (22)] states of the system
[Eq. (1)] at time t = 108 as function of the distance d [Eq. (20)]
from the linearly stable nonlinear topological state in the phase
space with (H = 3.779, � = 0.8) (green line-connected circles)
and (H = 8.367, � = 0.8) (cyan line-connected crosses). The inset
panel shows the dependence of d against the perturbation parameter
ε of Eq. (17). The dashed vertical line indicates dc ≈ 0.13 and the
dotted one dc ≈ 0.031 (see text for details).

simulations like that of thermalized states which have η(t ) ≈
〈η〉G, we introduce the threshold

ηth = 0.2, (21)

such that trajectories with η(t = 108) � ηth are considered to
lead to the lattice thermal equilibrium. In this way, we can
define the fraction [16,78]

fth = Rth

R
(22)

of orbits conducing to the lattice’s thermalization. Here, Rth

is the number of orbits leading to energy equipartition and
100 � R � 300 is the total number of initial conditions of
distance d from the topological edge state X b(t = 0).

To explore the neighborhood of the linearly stable, non-
linear, topological edge states, we calculate the fraction of
thermalized states fth [Eq. (22)] at different distances d
[Eq. (20)] from the topological, nonlinear edge state in the
phase space for the parameters (H = 3.779, � = 0.8) and
(H = 8.367, � = 0.8) (Fig. 9). We see that for d → 0 all the
system orbits are regular, i.e., fth → 0. On the other hand, for
d → O(1), all the orbits lead to the system thermalization as
fth → 1.

For intermediate values of d , the transition of fth = 0 → 1
takes place for all nonlinear strengths. The critical distance dc

above which fth > 0 represents a length scale above which
the system is likely to thermalize and the topological edge
state to lose its robustness to the perturbation. Interestingly
enough, we observe that dc decrease with increasing energy
as dc ≈ 0.13 (dashed vertical line in Fig. 9) for the case with
the smallest energy (H = 3.779, � = 0.8) (dotted curves of
Fig. 9) and dc ≈ 0.031 (dotted-dotted line in Fig. 9) for the
case with the largest energy (H = 8.367, � = 0.8) (crossed
curves of Fig. 9). Once again, this observation is in agreement

FIG. 10. (a) Similar to Fig. 6 but for a perturbation of the stable
topological state with (H = 8.367, � = 0.8) at distance d ≈ 0.285
(see text for details). The red dotted line represents the dispersion
relation of the linearized system ωk , while the black dotted line is
the calculated dispersion relation ω̃k [Eq. (18)]. (b) Change in the
squared frequency |δω2

k | [Eq. (19)] (blue line-connected points) of
the dispersion relations in (a). The value of |δω2

k | is oscillating around
the average δω2 = 0.085 ± 0.005 [blue bold line in (b)].

with the fact that islands of stability tend to disappear for
large energy (nonlinearity) values in conservative Hamilto-
nian models [79].

Eventually, when a stable topological edge state desta-
bilizes due to the addition of perturbations, another related
question is to know whether the resulting thermalized lattice
state possesses similar spectral properties as for the unsta-
ble topological edge states seen in Secs. V A and V B. The
noticeable difference between stable and unstable nonlinear
topological edge states leans on the fact that their existence de-
pends on the type of nonlinearity within the lattice model [32].
Therefore, stable topological edge states are observed for
stiffening nonlinear coefficients, i.e., � > 0 in H [Eq. (1)],
while unstable topological edge states are mostly associated
with softening nonlinear strengths, i.e., � < 0 in H [Eq. (1)].

We numerically investigate the thermalization of the lattice
[Eq. (1)] when initially small random phases εk = ±10−2

[Eq. (17)] are added to the modes of an unstable perturbation
at distance d ≈ 0.285 of the stable topological edge state with
parameter (H = 8.367, � = 0.8). We then follow the same
procedure described in Sec. V B in order to extract the spectral
properties of the system at thermal equilibrium. In Fig. 10(a),
we plot the density spectrum 〈|ak (�)|2〉 in the � − k space
and extract the system’s dispersion relation ω̃k [Eq. (18)].
These results show that the henceforth calculated dispersion
relation ω̃k [black points in Fig. 10(a)] is shifted upward
compared to the one of the linearized model ωk [red points in
Fig. 10(a)]. On the other hand, each mode k is characterized
by a distribution of frequencies as seen in Sec. V B, which
makes it possible, also, in the stiffening case (� > 0) for
wave-wave interactions. In addition, we plot in Fig. 10(b) the
change in the squared frequencies |δω2

k | [Eq. (19)]. We find
that, for increasing value of the wave number k, the |δω2

k |
remains practically constant, oscillating around the average
value δω2 ≈ 0.085. For this reason, we also conclude that the
lattice’s thermal equilibrium in the case of stiffening nonlin-
earity is characterized by a renormalized dispersion relation
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which preserves the chiral symmetry of the underpinning sys-
tem’s dynamical matrix.

VI. CONCLUSION

To understand the role of nonlinearity in the long-time
dynamics of topologically robust edge states, we conducted
a detailed numerical study of the energy spreading in a non-
linear topological lattice. In particular, we focused on the
long-time dynamics of the nonlinear edge states, which are
obtained by nonlinear continuation of the edge states of the
linearized lattice. Linearly unstable edge states were shown to
be delocalized from the edges in Ref. [32]. Here we showed
that such delocalization is followed by chaos and leads to
the thermalization of the lattice. The time to thermalization
reduced with the increase of the nonlinear edge state’s energy.
We also observed an effective renormalization of the disper-
sion relation of the linearized model, and a broadening of
the distribution of the renormalized frequencies for all modes
within the lattice.

We also investigated the robustness of the linearly stable
nonlinear topological states by adding random perturbations
to the initial state, and thus moving away from its trajectory
in the phase space. Our results showed that these nonlinear
edge states remain robust up until a threshold of perturba-
tion, beyond which we witness the loss of robustness because
the related trajectory entering into a chaotic region of the
phase space. Also, this threshold decreases upon increasing
the energy of the system. We also observed an effective renor-
malization of the dispersion relation similar to the case above.

Finally, we discovered that the effective renormalization
of the dispersion relation retains a unique symmetry, i.e., its
square is symmetric about the squared mid-band frequency,
reminiscent of chiral symmetry in the linearized system. This
indicates that the classical symmetries of linear topological
lattices in general could have their signature in the renormal-
ized dispersion relation of their nonlinear counterparts.

We believe that this work provides an interesting out-
look into the thermalization of topological lattice systems
and especially starting with initial conditions in the neigh-
borhood of unstable nonlinear edge states. These states are
(unstable) quasiperiodic orbits in the phase space, whose
evolutions usually transit smoothly from regular to chaotic
behaviors, therefore providing us with the opportunity to
better understand the causes of energy spreading in non-
linear discrete lattices. Nonetheless, these results raised a
number of significant questions worth investigating in the
future. More specifically, how the Floquet stability of the
topological edge mode [32] connects to the mode’s reso-
nance theory (e.g., discrete mode resonances [45], Chirikov
resonance overlap [73]) of thermalization of discrete lattice
model? As such, expressing the mode resonance conditions
of the present system along the directions of [45,46,52,76] is
relevant for this problem. Additionally, understanding how the
above mechanisms change with the type of initial conditions
and/or the nonlinearity of the system is also an interesting
line in order to construct a more general framework of ther-
malization on topological lattice systems. Such work could
give us a ground to better understand the transport of energy in
nonlinear topological systems and compare them with those of

generics lattice models (see, e.g., [9]). Thus, we appreciate the
influence of topologically protected nonlinear modes on the
long-time dynamics of topological systems. At last, extending
this work to lattices with higher spatial dimensions is also a
natural extension of this study.
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APPENDIX A: SYMPLECTIC INTEGRATION OF THE
EQUATIONS OF MOTION AND VARIATIONAL

EQUATIONS OF THE SU-SCHRIEFFER-HEEGER–TYPE
KLEIN-GORDON LATTICE MODEL

In this Appendix we present how we integrate the
equations of motion and the variational equations of the Su-
Schrieffer-Heeger–type Klein-Gordon lattice model [Eq. (1)]
using a symplectic integration scheme along with the tangent
map method [65,82,83]. The Hamiltonian H [Eq. (1)] can be
separated into two integrable parts, namely,

H = A(p) + B(x), (A1)

where x = (x1, x2, . . . , xn) and p = (p1, p2, . . . , pn) are, re-
spectively, the system’s conjugate position and momentum
vectors in the phase space, which is characterized by a vector
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FIG. 11. (a) Geometric representation of the FMs λi (see text
for details) in the complex plane for the topological edge state with
parameter (H = 0.307, � = −0.8) of Fig. 3(a). We superimpose the
unit circle to guide the eye. The upper canvas depicts a zoom into the
region of the unit circle where the strongest divergence of the FMs
from the unit circle takes place. The most unstable eigenvalues are
denoted by arrows. (b) Normalized modal energy νk (t ) [Eq. (6)] pro-
file at time t � 6.3 × 104 time units for a representative realization of
perturbation of the edge breather mode at (H = 0.307, � = −0.8).
This figure corresponds to a vertical cross section of νk (t ) at (t ≈
6.3 × 104, k) [see white vertical line of Fig. 3(a)]. The vertical bold
and dotted lines label the resonant modes.
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FIG. 12. Frequency shift ω̃k = ω̃(k) [Eq. (18)] [(a), (c), (e)] and width of the frequency shift distribution χk = χ (k) [Eq. (C1)] [(b), (d),
(f)] as functions of the total energy H [Eq. (1)] of the system: (a), (b) k = 5, (c), (d) k = 51, and (e), (f) k = 52. The ground spring nonlinear
coefficient � is fixed at � = −0.8.

X (t ) = (x(t ), p(t )). In this context, we have

A(p) = 1

2

n∑
j=1

p2
j (A2)

and

B(x) =
n∑

j=1

[
γ0

2
x2

j + �

4
x4

j

]

+ 1

4

n∑
j=1

j=odd

[(1+ γ )(x j − x j−1)2+ (1− γ )(x j+1 − x j )
2]

+ 1

4

n∑
j=0

j=even

[(1− γ )(x j − x j−1)2+ (1+ γ )(x j+1− x j )
2],

(A3)

where n is the number of nonlinear oscillators. Note that in
both A [Eq. (A2)] and B [Eq. (A3)] fixed and free boundary
conditions are, respectively, applied at the left ( j = 0) and
right ( j = n + 1) edges of the lattice.

In the Lie formalism, the Hamilton equations of motion
governing the evolution of an orbit starting at X (0), along with
its variational equations, which govern the evolution of a small

perturbation W (0) = δX (0) from this orbit [65,84,85] are

Ż = LHVZ = (LAV + LBV )Z, (A4)

where Z = (X , δX ), (̇ ) denotes the time derivative, and LHV
is a Lie operator whose general expression can, for example,
be found in [65,85]. Therefore, the solution of the system’s
dynamical equations [Eq. (A4)] reads as

Z(τ ) = eτ (LAV+LBV )Z(0). (A5)

A symplectic integrator consists of approximating the
action of the Lie operator eτ (LAV+LBV ) by a product of
subsequent actions of operators eaiτLAV and ebiτLBV for ap-
propriately chosen sets of real coefficients ai, bi to achieve
a certain accuracy [86,87]. The later Lie operators can be
analytically found to be

eτLAV :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x′
j = x j + τ p j,

p′
j = p j,

δx′
j = δx j + τδp j,

δp′
j = δp j

for 1 � j � n (A6)
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and

eτLBV :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′
j = x j for 1 � j � n,

p′
1 = p1 + τ

[ − γ0x1 − �x3
1 − (1 + γ )x1 + (1 − γ )(x2 − x1)

]
,

p′
j = p j + τ

[ − γ0x j − �x3
j − (1 + γ )(x j − x j−1) + (1 − γ )(x j+1 − x j )

]
if j odd, 2 � j � n − 1,

p′
j = p j + τ

[ − γ0x j − �x3
j − (1 − γ )(x j − x j−1) + (1 + γ )(x j+1 − x j )

]
if j even, 2 � j � n − 1,

p′
n = pn + τ

[ − γ0xn − �x3
n − (1 + γ )(xn − xn−1)

]
if n odd,

p′
n = pn + τ

[ − γ0xn − �x3
n − (1 − γ )(xn − xn−1)

]
if n even,

δx′
j = δx j for 1 � j � n,

δp′
1 = δp1 + τ [σ1δx1 + σ2δx2],

δp′
j = δp j + τ [σ j−1δx j−1 + σ jδx j + σ j+1δx j+1] if j odd, 2 � j � n − 1,

δp′
j = δp j + τ [β j−1δx j−1 + β jδx j + β j+1δx j+1] if j even, 2 � j � n − 1,

δp′
n = δpn + τ [σn−1δxn−1 + σnδxn] if n odd,

δp′
n = δpn + τ [βn−1δxn−1 + βnδxn] if n even,

(A7)

where σ1 = −γ0 − 3�x2
1 − 2, σ2 = 1 − γ σ j−1 = 1 + γ ,

σ j+1 = 1 − γ , σ j = −γ0 − 3�x2
j − 2, σn−1 = 1 + γ σn =

−γ0 − 3�x2
n − (1 + γ ), and β j−1 = 1 − γ , β j+1 = 1 + γ ,

β j = −γ0 − 3�x2
j − 2βn−1 = 1 − γ βn = −γ0 − 3�x2

n −
(1 − γ ).

We implemented in this work the so-called ABA864 sym-
plectic scheme of order 4 [88,89] which has proved to be a
very efficient integration scheme for 1D lattice Hamiltonian
systems [84,85].

APPENDIX B: THE CONNECTION BETWEEN THE
FLOQUET ANALYSIS AND THE RESONANT MODES IN

THE WEAK NONLINEAR LIMIT

We identify the frequencies of the most unstable eigen-
vectors vi associated with the Floquet multipliers (FMs) λi

which diverge the farthest from the unit circle and map
these frequencies to the first resonant modes responsible of
the lattice thermalization in the weak nonlinear regime. In
practice, the linear stability of a periodic orbit X (0) with
period T is estimated by following the time evolution of
a small perturbation W (0) to X (0) (see also Sec. IV B).
The temporal evolution of such perturbation can be
expressed as

W (t ) = A(t ) · W (0), (B1)

where W (t ) is the perturbation at time t > 0 and A(t ) is the
fundamental matrix of the system’s variational equations (see,
e.g., [32, Appendix B] and [90] for further details). It follows
that the values of the perturbation after a time period t = T is

W (T ) = M · W (0), M = A(T ), (B2)

in which M is called monodromy matrix. Consequently, the
stability properties of the periodic orbit X (0) are encompassed
within the eigencharacteristics of M (see, e.g., [90–92]). The
2n eigenvalues of M are referred to as FMs, λi and are as-
sociated with 2n eigenvector vi. Whether any of the |λi| �= 1
(diverges from the unit circle in the complex plane), the peri-
odic orbit X (0) is said to be unstable.

In Fig. 11(a), we show the λi for the edge breather
mode with parameter (H = 0.307, � = −0.8) and observe

the presence of 4 FMs (blue dots highlighted inside the box)
that lead to the first two most dominant instabilities. These in-
stabilities (in blue) result from the collision of two eigenvalues
with opposite Krein signature denoted by orange and green
colors. Next, we can correlate these colliding eigenvalues to
the eigenvalues of the linear dispersion band (details can be
found in [32, Appendix B]). We find that the appearance of
instability originates from the collisions between the modes
k = 28 (respectively k = 30) and k = 81 (respectively k =
77) of the acoustic and optical bands.

Figure 11(b) show the normalized energy per mode νk

[Eq. (6)] at time t � 6.3 × 104 for a representative simulation
using as initial condition the perturbation of the topological
edge state with (H = 0.307, � = −0.8) of Figs. 3(a) and 11.
We clearly see that the first 4 resonant modes correspond to
the frequencies of the most unstable eigenvectors vi of the
Floquet analysis.

FIG. 13. The MLE 〈�〉 as function of the energy of the system
H [Eq. (1)]. The value of 〈�〉 grows almost linearly with H. We
numerically approximated 〈�〉 by 〈λ(T )〉, the ftMLE at the end of
the integration time T for each set of parameters in the lattice. The
parameters used in H [Eq. (1)] are similar to the ones of Fig. 12.
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APPENDIX C: WIDTH χk AND FREQUENCY SHIFT AS A
FUNCTION OF ENERGY

To examine the role of the system’s nonlinearity we quan-
tify the width χk of the frequency shift distribution [46]

χk =
√∑

�

(� − ω̃k )2A�,k, A�,k = 〈|ak (�)|2〉∑
�〈|ak (�)|2〉 ,

(C1)

where � and ω̃k [Eq. (18)] are the frequency and renormal-
ized frequency of the kth mode. We calculate the frequency
shift ω̃k [Eq. (18)] and the broadening of the frequency-shift
distribution χk [Eq. (C1)] for different values of the energy H
[Eq. (1)], having as an initial condition always the topological
linearly unstable nonlinear mode, as shown in Fig. 12. The re-
sults are presented for a mode of the lower part of the spectrum
(k = 5) in Figs. 12(a) and 12(b), for the mode k = 51 at the
center of the frequency band in Figs. 12(c) and 12(d) and for a

mode at the upper part of the spectrum of frequencies (k = 52)
in Figs. 12(e) and 12(f). Upon increasing the value of H, the
ω̃k is decreasing and the χk is, in general, growing for all mode
numbers. The latter observable is positively correlated with
the system’s MLE 〈�〉 [Eq. (16)], which is linearly increasing
(Fig. 13). The somehow nonsmooth nature of the trends of
ω̃k and χk (Fig. 12) can be attributed to the fact that we are
exploring small values of the effective nonlinear parameter
∼|�H2(t = 0)/n| � 0.006 [45,46,52] for which mild nonlin-
ear effects are experienced by the system, for instance, a small
degree of chaos 〈�〉 � 0.004 seen in Fig. 13. Nevertheless, it
can be conjectured that as the value of the energy increases,
the frequency overlap between modes is becoming wider,
leading to more prominent resonances between NMs. This
results to a faster decay of the energy of the initially excited
modes ab

k (t = 0), including the one that corresponds to the
edge mode (k = 51) in which most of the initial energy is
located.
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